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A typical use of Parker's Meat-Axe in the calculation of modular character tables is described. 
Irreducible representations f the sporadic simple group -/3 are calculated, and the complete 
modular character tables in characteristics 2 and 3 are deduced. 
1. Introduction 
In this paper the computer calculation of the 2- and 3-modular character tables of the 
simple group J3 of  Janko, and its associated covering and automorphism groups is 
described. These character tables are displayed in Tables 1 and 4 in the form of ATLAS- 
style compound tables (see Conway et al. 1985 for details of the notation). The decomposi- 
tion matrices are given in Tables 2 and 5, omitting the blocks of defect 0 and 1, and the 
Cartan matrices in Tables 3 and 6. 
The Brauer trees for the primes 5, 17 and 19 have been calculated by W. Feit (1984) 
for J3 and 3:J3, up to one or two ambiguities in the irrationalities (see also Hiss & Lux, 
1989). The trees for J3:2 have not so far as I know been determined. 
The computer programs used were those of  R. A. Parker's Meat-Axe system (see Parker, 
1984), with my own Assembler subroutines, together with an arithmetic-table-generating 
program written by M. van Meegen at Rheinisch-Westf~ilische Technische Hochschule 
(RWTH) in Aachen, and a coset enumeration program written by L. H. Soicher at Queen 
Mary and Westfield College in London, and run on a VAX 8700 at the Computer Centre 
of  the University of Birmingham. The methods are essentially those described by Parker 
(1984), together with the technique of "condensation", also due to Parker. 
To construct he 2-modular representations, I started with two generators for the 
9-dimensional representation of 3"J3 over the field F4 of order 4. These generators were 
copied from the ATLAS (Conway et al. 1985), but were originally obtained by Parker, 
by chopping up the skew square of the reduction modulo 2 of the 18-dimensional complex 
representation. This complex representation was constructed by Conway & Wales (1974). 
For the 3-modular epresentations, we start with this representation reduced modulo 3, 
taking the generators CT and AB. 
0747-7171/90/120647+ 10 $03.00/0 © 1990 Academic Press Limited 
648 R .A .  Wi l son  
t 'q 
tl.) 
+ + + + +  
I I I I I ~ 11  ~ I I I ~ 
% 
I I I I ~ ~ 
I 
++ + + 0 0 +  I I + ++ + + 
e~ e~ e~ 
+~ +~ ++++ 
ZTT ~, j. 




2- and 3-Modular Characters of  J~ 649 
Tab le  2 
(a) Decomposit ion matrix for the principal block for -/3 rood 2 


















1 0 0 0 0 0 0 0 0 0 
1 0 0 0 1 0 0 0 0 0 
1 0 0 0 0 1 0 0 0 0 
1 0 0 0 0 0 0 0 1 0 
1 0 0 0 0 0 0 1 0 0 
0 0 0 1 0 0 1 0 0 0 
2 1 0 0 0 0 1 0 1 0 
2 0 1 0 0 0 1 1 0 0 
4 0 0 0 1 1 0 1 1 0 
4 0 0 1 1 1 1 1 1 0 
1 0 0 1 1 1 0 0 0 1 
3 1 1 0 1 1 1 1 I 0 
1 1 1 1 1 1 1 0 0 1 
2 1 1 1 1 1 1 0 1 1 
2 1 1 1 1 1 1 1 0 1 
4 1 1 2 2 2 2 1 1 1 


















(b) Decomposit ion matrix for one block of 3'J3 mod 2 
9 18 18 126 153 153 324 720 1008 1170 
0 I 0 0 0 0 0 0 0 0 
0 0 I 0 0 0 0 0 0 0 
I I 0 I 0 0 0 0 0 0 
I 0 I 1 0 0 0 0 0 0 
1 1 1 1 0 0 0 0 0 0 
0 1 0 0 1 0 0 0 0 0 
0 0 1 0 0 1 0 0 0 0 
0 0 0 0 0 0 1 0 0 0 
1 I I 0 0 0 0 0 0 I 
3 1 1 1 1 1 0 1 0 0 
2 2 2 1 1 1 0 0 1 0 
2 1 1 0 1 I 0 0 0 1 
6 3 3 3 1 1 0 1 0 1 
4 2 2 1 1 1 1 1 0 1 
5 3 3 2 2 2 0 1 0 1 
6 3 3 3 1 I I 1 0 I 
4 3 3 1 1 1 1 0 1 1 
650 R.A.  Wilson 
Table 3 
(a) Cartan matrix for the principal block for ./3 rood 2 
1 78 78 80 84 84 244 322 322 966 
84 16 16 24 32 32 26 20 20 14 
16 7 6 8 9 9 8 3 4 6 
16 6 7 8 9 9 8 4 3 6 
24 8 8 19 18 18 12 4 4 12 
32 9 9 18 21 20 12 6 6 12 
32 9 9 18 20 21 12 6 6 12 
26 8 8 12 12 12 13 6 6 7 
20 3 4 4 6 6 6 7 4 2 
20 4 3 4 6 6 6 4 7 2 
14 6 6 12 12 12 7 2 2 9 
(b) Ca~an matrix for one block of 3' J3mod 2 
9 18 18 126 153 153 324 720 1008 1170 
150 83 83 62 37 37 14 24 6 28 
83 51 48 34 22 21 8 12 5 16 
83 48 51 34 21 22 8 12 5 16 
62 34 34 29 14 14 5 10 2 10 
37 22 21 14 12 11 3 6 2 7 
37 21 22 14 11 12 3 6 2 7 
14 8 8 5 3 3 4 2 1 3 
24 12 12 10 6 6 2 5 0 4 
6 5 5 2 2 2 1 0 2 1 
28 16 16 10 7 7 3 4 1 7 
Our two generators for the 2-modular epresentation were those called Dt and EtC~ 
in the ATLAS, or more explicitly: 
0 1 O 0 0 0 0 0 
0 13 1 0 0 0 0 0 
to 0 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 
0 0 0 0 0 1 0 0 
0 0 0 1 0 0 0 0 
0 0 0 0 0 0 0 1 
0 0 0 0 0 0 0 0 










0 0 0 0 0 o; 0 a7 
a7 0 ~ 0 o3 0 0 0 
0 to 0 0 0 to 0 ~o 
to 0 0 0 to 0 to 0 
0 0 0 co 0 0 0 0 
1 0 1 0 0 0 1 0 
0 03 0 0 0 ~ 0 0 
0 0 ~ 0 ~ ~3 ~ 
0 to 0 0 ~3 ~) (~ to 
2. The 2-Modular Characters 
Restricting the degree 9 character to L2(19), L2(17) and L2(16) gives the character 
values, up to some toss of generality. (To be more precise, if following Parker we choose 
our lifting of  roots of unity in such a way that the reduction modulo 2 of b17 is 1, then 
this distinguishes the classes 17A and 17B. I have chosen one to call 17A, but there is no 
guarantee that this is consistent with anyone else's choice!) The characters of degree 1920 
and 2432 have defect 0, so can be obtained from the ordinary character table. The other 
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Table 5. Decomposition matrix of the principal block mod 3 
(a) for Ja 

















1 0 0 0 0 0 0 0 
1 0 0 1 0 0 0 0 
1 0 0 0 1 0 0 0 
2 0 0 1 1 1 0 0 
2 0 0 1 1 0 1 0 
1 1 0 1 1 2 1 0 
1 0 1 1 1 1 2 0 
0 1 1 1 1 2 2 0 
2 1 1 1 1 0 0 1 
3 1 1 2 2 1 1 1 
2 1 1 2 2 2 2 1 
2 1 1 2 2 2 2 1 
2 I 1 2 2 2 2 1 
2 2 1 2 2 2 2 1 
2 1 2 2 2 2 2 1 
4 2 2 3 3 3 3 1 













two copies of the following; 
1 0 0 0 0 0 0 
0 1 0 0 0 0 0 
0 0 0 0 1 0 0 
0 0 0 0 0 1 0 
0 0 1 1 0 0 0 
1 0 0 0 1 0 0 
0 1 0 0 0 1 0 
1 1 1 2 1 1 1 
1 1 2 1 1 1 1 
2 2 3 3 4 4 1 
2 2 4 4 4 4 1 
2 2 3 3 2 2 2 
characters were all obtained by tensoring representations together and using the Meat-Axe 
to chop the resulting representations i to irreducibles. By this means we first determine 
that the irreducible degrees are as given in Table 1. We then work out the other character 
values using the following decompositions, determined by computer. 
First note that the ordinary characters of degree 18 remain irreducible modulo 2. 
Moreover, 9a®9a breaks up as la+ 80a, which gives the values of the character of degree 
80. Next consider the ordinary characters of degree 85. These could break up as 17+78 
or 15+80 or 1+84. But in the first two cases an element of order 17 centralizes more 
Table 6. Cartan matrix for the principal block of J3 mod 3 
1 18 18 84 84 153 153 924 
62 26 26 47 47 40 40 19 
26 16 14 23 23 23 22 10 
26 14 16 23 23 22 23 10 
47 23 23 40 39 37 37 16 
47 23 23 39 40 37 37 16 
40 23 22 37 37 40 38 14 
40 22 23 37 37 38 40 14 
19 10 10 16 16 14 14 8 
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than the 5-space it centralizes in the ordinary representation, so the actual decomposition 
is 1 + 84. We have now determined the values of the characters 9a, 18a, 18b, 84a and 84b. 
(Our notation for characters follows the ATLAS: thus for example laa+ 84ab stands for 
two copies of the trivial character and one copy of each of the two characters of degree 
84. We use to denote the dual of a representation.) 
Now use the following decompositions to calculate the remaining character values: 
= 
18a® 18a = l aa+ 322b, which gives the values on 322b. 
18b® 18b = laa+322a, which gives the values on 322a. 
9a®18a=9a+ 153b, which gives the values on 153b. 
9a® 18b =9a+ 153a, which gives the values on 153a. 
18a® 18b = 324a, which gives the values on 324a. 
18a@ i8b = 80a+ 244a, which gives the values on 244a. 
9a® 84a = 18ab +720a, which gives the values on 720a. 
18a@ 18a = 9aa + 18aab + 126aa, which gives the values on 126a. 
9a®126a =126a+ 1008a, which gives the values on 1008a. 
9a® 126a = 84bb+966a, which gives the values on 966a. 
18a® 84b = 9aa + 18b + 153ab + 1170a, which gives the values on 1170a. 
9a® 18a=78b+ 84b, which gives the values on 78b. 
9a® i8b = 78a+ 84a, which gives the values on 78a. 
In this, the only theoretical difficulty is in identifying which is which of the two characters 
of  degree 84. To do this computationally, we find a word in our generators giving an 
element of order 19, and find its trace in the 9-dimensional and the 84-dimensional 
representations. 
2.1. THE INDICATORS 
An irreducible representation is self-dual if (and only if) its Brauer character is real. 
Every 2-modular self-dual irreducible supports an invariant symplectic form. Some will 
also support an invariant quadratic form. Following Parker, we mark the latter with the 
symbol +, the others with - .  
It is not always easy to tell theoretically if a 2-modular epresentation supports an 
invariant quadratic form. The representations of degrees 1, 1920 and 2432 lift to ordinary 
representations of the same degree, which have Schur indicator +, so these have fixed 
quadratic forms rood 2 also. All the other cases require computer calculations to check. 
Using the Standard-Base program (SB), then Transpose (TR) and Invert (IV) (to get 
the dual representation) and Standard-Base again, we find a matrix P such that 
p - i  g, p = (gT)-l, 
for  each group generator g,.. Hence gi pgr = p, and P is the matrix of a symplectic form 
invariant under -/3. 
Now a quadratic form q can be specified by giving the associated symplectic form, 
together with the values of q on a basis. Since all the basis vectors produced by the 
Standard Base program are in the same orbit under the group, there is just one possible 
quadratic form for each element of the field. 
Each quadratic form may be represented by a matrix Q obtained by taking the 
bottom-left of P (i.e. the part on or below the main diagonal), and adding a scalar matrix. 
We have to check whether the diagonal of gi QgT is equal to the diagonal of Q. If it is, 
for all the generators g~ of G, then the quadratic form represented by Q is invariant under 
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G. (To get the diagonal of a matrix, it is sufficient o run the programs: Bottom-Left (BL), 
Transpose,  and Bottom-Left.) 
2.2. WHICH REPRESENTATIONS SHOULD WE CHOP UP? 
Chopping a representation of degree 1512 into irreducible constituents i expensive 
and time-consuming, so it would be nice to know that we are definitely going to get a 
new irreducible. We can work out the characters as we go along, and see if our new 
character is linearly dependent on the old ones. For example, in order to get the last 
irreducible (of degree 1170) for 3"J3, we might think of tensoring the degree 18 character 
with one of  degree 78, 80 or 84, and there are 10 such cases in all. But nine of these give 
characters that are linearly dependent on the irreducibles already found. So it was 
necessary to chop up 18a®84b rather than any of the other nine cases. This certainly 
saved many hours, possibly days, of CPU time! 
3. The 3-Modular Characters 
The two characters of degree 1215 have defect 0, while those of degrees 324, 2754 and 
3078 form a block of defect 1 with Brauer tree: 
324 3078 2754 
O. O- 0 
The remaining characters are all in the principal block, which contains eight modular 
irreducibles. 
Starting with the 36-dimensional representation over ~:a, which breaks up into two 
inequivalent 18-dimensional representations over g:9, we easily deduce the following: 
18a® 18b = 324a, 
18a® 18a = laaa+ 84ab + 153a, 
18b® 18b = laaa+ 84ab + 153b. 
With a great deal more difficulty, using over 6 hours of CPU time and 4MB of disc store, 
it was shown that 18a®84a has a 934-dimensional irreducible submodule. Indeed, the 
irreducible constituents are: 
18a® 84a = laa+ 18b + 84abb + 153ah + 934a. 
Since the ordinary characters of degree 18 remain irreducible modulo 3, while those 
of degree 85 must break up as 1 + 84, it is easy to work out the values of all the characters 
on all elements of 3"3. Indeed, the only problem is to determine the values of the characters 
of degree 934 on elements of  ~:2\ J3.  
3.1. CONDENSATION 
Condensation is basically a method, due to R. A. Parker, of "guessing" the structure 
of a large module (here a permutation module) for a group over a finite field. It can also 
be used to prove certain things, as we shall see. The general principles of condensation 
are described in (Ryba, 1990). 
In this instance we study the permutation representation of J~ (or J3:2) on 6156 points. 
As a representation of 3"3 we now know that this has Brauer character 
1 a 1o + 18a2b 2+ 84aSbS + 153 a2b "~ + 324a + 934a 2 + 1215 ab. 
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As an ordinary representation f J3:2 it has character 
la  + + 323ab + 324a- + 1140a + + 1215a-b- + 1615a +. 
(Here the signs serve to distinguish pairs of  characters which agree on J3: a plus sign 
denotes the character whose values are printed in the ATLAS.) This means that the Brauer 
character must be of  the form 
lal°+ 18a2b 2+ 84aSh 5+ 153a2b 2 + 324a- + 934a+a ++ 1215a-b-, 
and it only remains to determine how many copies of the trivial character la + and the 
alternating character la-  it contains. 
To determine this, the permutation module was "condensed" to one of dimension 364 
by looking at the fixed space of an element of  order 17, such as ABC. (The group (ABC) 
was chosen to have order prime to 3, and to be capable of distinguishing the trivial and 
alternating characters, but large enough for the condensed module to be fairly small.) 
Thus we take a basis vector ej for each orbit Oj of (ABC), and in the (i, j)-th entry of 
the matrix corresponding to the group generator g we write the reduction modulo 3 of 
]{x: x ~ Oi and g(x) ~ Oj}]. 
In this way we obtain a module for an algebra which is in general no longer a group 
algebra (our generators may now be singular). Nevertheless the condensed module retains 
much of  the structure of the original permutation module. In particular, an irreducible 
constituent of the permutation module gives rise to a factor (not necessarily irreducible, 
and perhaps 0-dimensionalt) in the condensed module. Moreover, the dimension of  this 
factor is equal to the dimension of the fixed space of (ABC) on the original irreducible. 
The permutation representation f ./3:2 on 6156 points was first obtained by performing 
a coset enumeration on a modified version of the Higman-McKay presentation for J3 
(see Higman & McKay 1969), using L. H. Soicher's coset enumeration program. This 
representation was then "condensed" using the programs MO (make orbits) and KD 
(condense) in the Meat-Axe. Next this condensed module may be chopped into irreducible 
constituents using the Meat-Axe in the usual way. It turns out that there are just 10 
1-dimensional constituents, even of which correspond to la ÷, and 3 to la-. It follows 
that the ordinary character 1140a + breaks up modulo 3 as 
la÷a ÷ + 18 ab + 84ab + 934a +, 
which enables us to determine the remaining character values. 
3.2. THE INDICATORS 
For each self-dual representation we write + if there is an invariant quadratic form 
(or symmetric bilinear form), and - if there is an invariant symplectic form (or skew- 
symmetric form). To determine these indicators it is sufficient o use the following result, 
which is due to Thompson: 
THEOREM. I f  p is an odd prime, and qb is a p-modular self-dual irreducible representation 
which occurs an odd number of times as a constituent of an ordinary self.dual irreducible 
representation X, then the indicators of c~ and X are the same. 
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Note  added in proof. The tree for the prime 5 has been determined by K. Lux. The 
ambiguit ies for the prime 17 have been resolved by R. A. Wilson. 
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